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We study topological properties of one-dimensional non-Hermitian systems without chiral symmetry and give
phase diagrams characterized by topological invariants νE and νtot, associated with complex energy vorticity
and summation of Berry phases of complex bands, respectively. In the absence of chiral symmetry, we find that
the phase diagram determined by νE is different from νtot. While the transition between phases with different
νE is closely related to the band-touching point, the transition between different νtot is irrelevant to the band-
touching condition. We give an interpretation for the discrepancy from the geometrical view by analyzing the
relation of topological invariants with the winding numbers associated with exception points of the system.
We then generalize the fidelity approach to study the phase transition in the non-Hermitian system and find that
transition between phases with different νtot can be well characterized by an abrupt change of fidelity and fidelity
susceptibility around the transition point.
I. INTRODUCTION
Topological phases of matter have been one of the most
intriguing research subjects in condensed matter physics.
Recently topological phases in non-Hermitian system have
attracted great attention [1–37] partially motivated by the
experimental progress on optical and optomechanical systems
with gain and loss, which can be implemented in a control-
lable manner and effectively described by non-Hermitian
systems [38–45]. Recent studies have unveiled that the topo-
logical properties of non-Hermitian systems may exhibit quite
different behaviors from Hermitian systems, associated with
some peculiar properties of the non-Hermitian Hamiltonian,
e.g., biorthonormal eigenvectors, complex eigenvalues, the
existence of exceptional points (EPs) and unusual bulk-edge
correspondence [46–55]. Although non-Hermiticity brings
some challenges for carrying out topological classification
and properly defining topological invariants on biorthonormal
eigenvectors [22, 23, 54], the non−Hermitian system with
novel qualities has opened up new frontiers for exploring rich
topological phenomena.
It is well known that symmetry and dimension play an
important role in the study of topological properties [22–
24, 56]. For one-dimensional (1D) topological systems with
chiral symmetry, the topological properties of the Hermitian
systems can be characterized by a winding number νs, which
is closely related to the Berry phase across the Brillouin zone
(Zak phase) of systems [16, 57, 58]. For the non-Hermitian
system with chiral symmetry, one can generalize the defini-
tion of winding number νs as a topological invariant. Further-
more, due to the eigenvalue being complex, we need define
another topological winding number νE , describing the vor-
ticity of energy eigenvalues [11, 15]. The phase diagram of
the non-Hermitian system with chiral symmetry can be well
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characterized by νE and νs, which can take half integers. In
a recent work [16], it was demonstrated that both νE and νs
are related to two winding numbers ν1 and ν2 which represent
the times of trajectory of Hermitian part of the momentum-
dependent Hamiltonian encircling the EPs.
In this work, we study 1D non-Hermitian systems without
chiral symmetry, which are found to exhibit quite different be-
haviors from their counterparts with chiral symmetry. In the
absence of chiral symmetry, while νE remains to be a topolog-
ical invariant, the Berry phase for each band is not quantized
and the corresponding νs is no longer a topological invariant.
Nevertheless, the summation of νs for all the bands, denoted
by νtot, is still quantized and can be taken as topological in-
variant [6]. By studying a concrete two-band non-Hermitian
model, we find that the phase diagram determined by the topo-
logical invariant νE is different from that characterized by νtot.
While the phase boundaries of phase diagram characterized by
νE correspond to the band-touching points of the non-chiral
system, no band touching occurs at the phase boundaries of
νtot. This is in sharp contrast to the chiral non-Hermitian sys-
tem, for which the phase boundaries between phases with dif-
ferent νs also correspond to the band-touching points. To un-
derstand the discrepancy of phase diagrams of the non-chiral
systems, we further unveil the geometrical meaning of the
topological invariants νE and νtot. Similar to the chiral non-
Hermitian system, we find that νE is related to the winding
numbers ν1 and ν2 which count the times of trajectory of the
Hermitian part of the Hamiltonian encircling the EPs of the
non-chiral Hamiltonian. However, νtot is related to different
winding numbers ν′
1
and ν′
2
associated with EPs of a Hamilto-
nian in the absence of the term breaking the chiral symmetry.
For the Hermitian system, besides the general Landau cri-
teria for quantum phase transitions (QPTs), fidelity approach
provides an alternative way to identify the QPT from the
perspective of wave functions [59–63]. Generally one may
expect that the fidelity of ground state shows an abrupt change
in the vicinity of the phase transition point of the system as
a consequence of the dramatic change of the structure of the
ground state. So far the studies of fidelity as a measure of
2QPTs are focused on Hermitian systems, for which either the
Landua’s energy criteria or the fidelity approach gives a con-
sistent phase diagram. In this work, we shall generalize the
fidelity approach to study phase transition in non-Hermitian
systems. To our surprising, we find that both the fidelity and
fidelity susceptibility exhibit obvious changes in the vicinity
of phase boundaries of phases characterized by νtot, instead
of νE . This suggests that the phase transition between phases
with different νtot can be determined by the fidelity approach,
whereas the transition between different νE is closely related
to the band-touching (gap-closing) condition and can be
determined by the generalized Landau’s criteria.
The paper is organized as follows. In section II, we first
give a general framework to expound the basic characteris-
tics of two-band non-Hermitian system. In section III, we in-
troduce a non-Hermitian model without chiral symmetry and
analyze the spectrum of the system. We also calculate the
topological invariant νE and give the phase diagram charac-
terized by νE . In section IV, we calculate the other topolog-
ical invariant νtot, associated with the Berry phase, and the
phase diagram characterized by νtot. We find discrepancy of
phase diagrams characterized by νE and νtot, and unveil that
the two topological invariants are related to different winding
numbers associated with the EPs of the Hamiltonian with and
without chiral symmetry. We also analyse the effect of a hid-
den pseudo-inversion symmetry on the topological property
of eigenstate. Then, we calculate the fidelity of a given eigen-
state and the corresponding fidelity susceptibility to identify
the phase transition characterized by νtot. A summary is given
in the last section.
II. TOPOLOGICAL INVARIANTS OF 1D TWO-BAND
NON-HERMITIAN SYSTEMS
In general, a two-band non-Hermitian system can be
described by
H(k) = h(k) · σ = n(k) · σ + iγ(k) · σ, (1)
where h(k), n(k) and γ(k) may include three components x, y, z
and σx,y,z is the Pauli matrix. In general, the non−Hemitian
system can be divided into the summation of Hermitian and
non-Hermitian part: h(k) = n(k)+ iγ(k) with n(k) and γ(k) be-
ing real functions of k. The energy square of non−Hemitian
Hamiltonian is: E2 = |n|2 − |γ|2 + 2in · γ := E2
1
= E2
2
(E1 = −E2). It is clear that the two bands touch at zero when
n(k)⊥γ(k) and |n(k)| = |γ(k)|.
The eigenvalue E1,2 is smoothly continuous with k. Since
the eigenvalue is generally complex, we can represent it as
E1=|E|eiθk=−E2 with θk the angle of eigenvalue. As k goes
across the Brillouin zone (BZ), we can always define the
winding number of energy νE as [11, 15]
νE =
1
2π
∮
dk∂kArg(△E) = 1
2π
∮
dk∂kArg(E1 − E2). (2)
For the Hermitian system, νE is always zero as θk takes either
0 or π. See appendix A for the detailed calculation of νE .
On the other hand, the eigenstates of non-Hermitian Hamil-
tonian (Eq.(1)) satisfy H(k)|ψR
1,2
〉 = E1,2|ψR1,2〉, and |ψR1,2〉 do
not form an orthogonal basis. In order to describe non-
Hermitian properties, we need also consider the eigenstates
of H†, H†(k)|ψL
1,2
〉 = E∗
1,2
|ψL
1,2
〉, which together with |ψR
1,2
〉
form biorthogonal vectors and fulfill 〈ψL
i
|ψR
j
〉 = δi£ j by prop-
erly choosing the normalization 〈ψL
1,2
|ψR
1,2
〉. For simplicity, we
choose
|ψR1,2〉 =
1√
2E1,2(E1,2 − hz)
(
hx − ihy E1,2 − hz
)T
,
where the superscript T is transpose operation, and
〈ψL1,2| =
1√
2E1,2(E1,2 − hz)
(
hx + ihy E1,2 − hz
)
.
Similar to the definition of winding number related to the
Berry phase of eigenstate in Hermitian system, one can gen-
eralize the definition νs directly to the non-Hermitian system
[8, 16, 21], which can be written as
νs,α =
1
π
∮
dk〈ψLα|i∂k|ψRα〉, (3)
where α = 1, 2 indicate the band labels. Substituting the con-
crete forms of |ψR−〉 and 〈ψL−| into the above equation, after
some simplifications, we can represent νs as (Appendix.B):
νs,α =
1
2π
∮
dk
hx∂khy − hy∂khx
Eα(Eα − hz) , (4)
where E1 and E2 are eigenvalues of the non-Hermitian Hamil-
tonian.
For the case with chiral symmetry, it has been shown that
both νE and νs,α can only take some half-integers. In a re-
cent work, it has been demonstrated νE and νs,α are related
to the winding numbers ν1 and ν2 of trajectory of the Hermi-
tian part around two different EPs, respectively [16], and thus
explain why they are topological invariant with half-integers.
The phase diagrams can be determined by different values of
either νE or νs,α, or equivalently ν1 and ν2. For the general
case without chiral symmetry, νE remains to be a topological
invariant, however, νs,α is generally a complex number which
is not quantized, suggesting that νs,α is no longer a topological
invariant. Nevertheless,
νtot = νs,1 + νs,2
has been demonstrated to be a topological invariant, which
takes integers [6]. As shall be discussed in detain in the fol-
lowing section, we find that phase boundaries of the phase
diagram determined by νE is consistent with the band touch-
ing curves determined by E1 = E2 = 0. On the other side, we
can also get a phase diagram determined by topological invari-
ant νtot, which displays obviously different phase boundaries
from phase boundaries determined by νE . To understand this
discrepancy, we further analyze geometrical origins of νE and
3νtot, associated to the Hamiltonian (7). While νE can be related
to the winding numbers around to two EPs of the Hamiltonian
(7) via νE = ± 12 (ν2−ν1), we find no relation of νtot with ν1 and
ν2, instead we have νtot = ν
′
1
+ν′
2
, where ν′
1
and ν′
2
are winding
numbers around EPs of the Hamiltonian in the absence of the
chemical potential term.
III. MODEL AND SPECTRUM
For simplicity, we consider a 1D non-Hermitian model by
choosing the Su-Schrieffer-Heeger (SSH) model as the Her-
mitian part of the non-Hermitian Hamiltonian, and introduce
an off-diagonal non-Hermitian part by taking different hop-
ping amplitudes along the right and left hopping directions in
the unit cell [16, 54]. A diagonal non-Hermitian term is also
introduced by alternatively adding imaginary chemical poten-
tial ±iµ on the A/B−sublattice. Explicitly, the Hamiltonian is
given by
H =
∑
n
(t + δ)c
†
A,n
cB,n + (t − δ)c†B,ncA,n + t′c†A,n+1cB,n
+ t′c†
B,n
cA,n+1 + iµc
†
A,n
cA,n − iµc†B,ncB,n,
(5)
with t′ = 1 as the unit of energy in the following discus-
sion. Under the periodic boundary condition, we can make
a Fourier transformation: cα,n = 1/
√
N
∑
k e
ikncα,k where N
is the number of the unit cells and α takes A or B. Then the
Hamiltonian can be written in the form of
H(k) =
∑
k
φ
†
k
H(k)φk, (6)
where φ
†
k
= (c
†
A,k
, c
†
B,k
), and
H(k) =
(
iµ t + δ + e−ik
t − δ + eik −iµ
)
= n(k) · σ + iδσy + iµσz.
(7)
Here the Hermitian part is n(k) · σ = nx(k)σx + ny(k)σy with
nx = t + cos k and ny = sin k. When µ = 0, the term of σz
vanishes and the model reduces to the chiral non-Hermitian
SSH model which fulfills the chiral symmetry [16]:
σzH(k)σz = −H(k).
The chiral symmetry is broken when µ , 0.
From Eq.(7), it is straightforward to get the square of eigen-
values given by
E2(k) = t2 + 1 + 2t cos k − δ2 − µ2 − 2iδ sin k,
which suggests the existence of two solutions E1 and E2 with
E2 = −E1. The i-th band energy E1,2 can be represented as
Ei(k) = |Ei(k)|eiθi(k) (i = 1, 2 ) where θ2(k) = θ1(k) + π =
θ(k) + π. Substituting E1,2 into Eq.(2), we can simplify νE to
νE =
1
4
∑
i
sgn(δ)sgn(
∂ny
∂k
|Ki)
· sgn
(
(n2x − δ2 − µ2) |Ki
)
,
(8)
5.0=µ
µ
FIG. 1. Phase diagram characterized by the winding number of en-
ergy νE . (a) t versus δ by fixing µ = 0.5, and (b) t versus µ by fixing
δ = 0.5. The light yellow shallow represents the winding number
of energy νE = 0.5 and the light pink shallow represents νE = −0.5,
while other regimes are νE = 0. The phase transition is accompanied
by the band touching (close of band gap).
where k = Ki is the i-th solution of ny = 0, which gives
k = 0 and π. In Fig.1 we show the phase diagram of the
model (5) with different phases characterized by different
νE . In Fig.1(a), the phase diagram is plotted for t versus δ
by fixing µ = 0.5, and Fig.1(b) is for t versus µ by fixing
δ = 0.5. We find that the phase boundaries can be deter-
mined by δ2 + µ2 = (t ± 1)2, which is consistent with the
band-touching (gap-closing) condition E1(k) = E2(k) = 0,
i.e., the two bands touch together at the phase boundaries.
It is shown that in some regions of the phase diagram νE
takes the half integer ±1/2, which suggests the definition
Eq.(2) is not a true winding number in the geometrical mean-
ing. The reason behind this is that in this region the complex
eigenvalue E1(k) or E2(k) does not form a close curve when
k goes around the BZ. To see it clear, we show Ei(k) versus
k in Fig.2, in which Ei(k) changes continuously and smoothly
with k. As shown in Fig.2 (b), neither E1 nor E2 form a close
curve as k changes from −π to π, instead they switch each
other with E1(π) = E2(−π) and E2(π) = E1(−π), in contrast
with the phase regimes with νE = 0 corresponding to Fig.2 (a)
and (c), where both E1,2(k) forms a close curve and we have
Ei(π) = Ei(−π).
Furthermore, we demonstrate that the definition Eq.(2) is
equivalent to half of the difference of two winding numbers,
i.e.,
νE =
1
2
sgn(δ)(ν2 − ν1), (9)
where ν1,2 =
1
2π
∮
dk∇kφ1,2 with φ1,2 defined by
tanφ1 =
ny
nx +
√
µ2 + δ2
, tan φ2 =
ny
nx −
√
µ2 + δ2
.
It is clear that ν1 and ν2 represent the winding number of the
closed curve formed by (nx(k), ny(k)) in the two-dimensional
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FIG. 2. Energy distribution in different parameter regions. The green curve and the black one represent E1 and E2, respectively. The detailed
parameters are shown in the figure. (a) and (c) correspond to νE = 0, and (b) corresponds to νE = 0.5.
space surrounding the EPs (−
√
µ2 + δ2, 0) and (
√
µ2 + δ2, 0),
respectively.
IV. TOPOLOGICAL PROPERTIES OF EIGENVECTORS
A. Topological invariant of eigenvectors
( )b5.0=µ
µ
FIG. 3. Phase diagram characterized by topological invariant νtot. (a)
t versus δ by fixing µ = 0.5 and (b) t versus µ by fixing δ = 0.5. The
number in different color areas represents the topological invariant
νtot = νs,1 + νs,2 .
By using the expression of Eq.(4) and substituting it into
νtot = νs,1 + νs,2, we get
νtot =
1
2π
∮
dk
[
hx∂khy − hy∂khx
E1(E1 − hz) +
hx∂khy − hy∂khx
E2(E2 − hz)
]
.
With the help of the relation E2 = −E1, the above equation
can be rewritten as
νtot =
1
2π
∮
dk
[
hx∂khy − hy∂khx
E1(E1 − hz) +
hx∂khy − hy∂khx
E1(E1 + hz)
]
,
=
1
π
∮
dk
hx∂khy − hy∂khx
E2
1
− h2z
.
Since E2
1
= h2x + h
2
y + h
2
z , we can get
νtot =
1
π
∮
dk
hx∂khy − hy∂khx
h2x + h
2
y
, (10)
where hx = nx = t + cos k and hy = ny + iγy = sin k + iδ. We
notice that νtot is independent of hz, although its definition is
related to the eigenvectors ofH(k).
In Fig.3, we show the phase diagram characterized by dif-
ferent values of νtot. In Fig.3(a), the phase diagram is plotted
for t versus δ by fixing a µ = 0.5, and Fig.3(b) is for t versus
µ by fixing a δ = 0.5. Fig.3(b) clearly indicates that the phase
diagram is irrelevant to µ as the expression of νtot is indepen-
dent of hz. From the expression of Eq.(10), we can see that
the phase diagram shown in Fig.3(a) is identical to the phase
diagram of the Hamiltonian in the absence of hz term, i.e., the
non-Hermitian Hamiltonian with chiral symmetry given by
Hchiral(k) = (t + cos k)σx + (sin k + iδ)σy. (11)
The expression Eq.(10) does not represent a winding number
in the geometrical meaning as hy(k) is not a real function. Fol-
lowing the same derivation for the case with chiral symmetry
[16], we can represent νtot as the summation of two true wind-
ing numbers
νtot = ν
′
1 + ν
′
2, (12)
where ν′
1,2
= 1
2π
∮
dk∇kφ′1,2 with φ′1,2 defined by
tanφ′1 =
ny
nx + δ
, tan φ′2 =
ny
nx − δ .
It is clear that ν′
1
and ν′
2
represent the winding number of the
closed curve formed by (nx(k), ny(k)) in the two-dimensional
space surrounding two points (−δ, 0) and (δ, 0), respectively.
These two points are not EPs of the Hamiltonian (7), instead
they are EPs of Hchiral(k). Consequently, the phase boundary
of the phase diagram determined by νtot is same with the band
touching condition for the system described byHchiral(k), but
is different from the phase diagram determined by νE .
Alternatively, we can also understand the geometrical
meaning of the topological invariant νtot from trajectories of
5eigenvectors by projecting the eigenvectors onto a 2D unit
spherical surface. In general, the right-eigenvector can be pa-
rameterized as
|ψR(αk, βk)〉 =
(
cos
βk
2
eiαk sin
βk
2
)
, (13)
For each eigenvector corresponding to E1 or E2,
we may calculate the sphere vector defined as
R(k)=(cosαk sin βk, sinαk sin βk, cos βk), where αk and
βk correspond to the azimuthal and polar angles of R(k),
respectively. In Fig.4, we plot the evolution of two eigen-
vectors on the Bloch sphere across the Brillouin zone. Their
trajectories form separately two closed curves as shown in
Fig.4 (a) and (c), or form together a close curve in Fig.4 (b).
The topological invariant νtot can be viewed as a winding
number which accounts times of the trajectories passing
around the z-axis connecting north and south poles.
( )c( )a ( )b
FIG. 4. The unit sphere vector R(k) (red curve with eigenvalue E1
and black one with eigenvalue E2). The parameter t in (a), (b) and
(c) takes 0, 1 and 2, respectively, with other parameters µ = 0.5 and
δ = 0.5. The blue line connects the north and south poles.
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FIG. 5. Phase diagram characterized by the real part of Berry phase
νs,1 . (a) t versus δ by fixing µ = 0.5, and (b) t versus µ by fixing
δ = 0.5. The number in different color areas represents the quantized
Re(νs,1), and in the regions without the number Re(νs,1) is not quan-
tized. The blue solid curve represents the phase boundary of phase
diagram characterized by Re(νs,1), and the red dashed is correspond-
ing to the phase boundary of νtot.
Generally speaking, νs,1 is not quantized for a system with-
out the chiral symmetry. However, for the model described by
Eq.(7), the Hamiltonian satisfies a pseudo-inversion symme-
try:
σxH(k)σx = H†(−k), (14)
and we find that the real part of νs,1 is quantized in some pa-
rameter regions due to the existence of the pseudo-inversion
symmetry. Given thatH(k)|ψRα(k)〉 = Eα(k)|ψRα(k)〉, it follows
H†(−k)σx|ψRα(k)〉 = Eα(k)σx|ψRα(k)〉.
Noticing that H†(−k)|ψLα(−k)〉 = E∗α(−k)|ψLα(−k)〉, we have
E1(k) = E
∗
1
(−k) if the state fulfills σx|ψR1 (k)〉 = |ψL1(−k)〉 or
E1(k) = E
∗
2
(−k) if the state fulfills σx|ψR1 (k)〉 = |ψL2 (−k)〉. The
difference between these two cases can be distinguished by
whether the real part of νs,1 is quantized or not. The real
part of νs,1 is quantized in the case of E1(k) = E
∗
1
(−k), and
νs,1 is not quantized but real in the other case. In Fig.5,
regions labeled by quantized number 0 ,0.5, 1 correspond to
the case of E1(k) = E
∗
1
(−k) with quantized real part of νs,1.
Regions without labeled numbers correspond to the case of
E1(k) = E
∗
2
(−k), for which νs,1 is no longer quantized. The
boundaries between these two cases can be determined by
E2
1,2
(k = 0) = 0 (see appendix B for details).
When the chemical potential term hz is no longer imaginary,
i.e, hz ≡ nz+ iγz = η+ iµ with nonzero η, the pseudo-inversion
system is broken, and the real part of νs,1/2 is not quantized.
Nevertheless, νtot is always quantized and takes the same value
no matter which form hz takes, i.e., the expression of Eq.(12)
is irrelevant to the term of hz.
B. Detection of phase boundaries via fidelity approach
We have demonstrated that the phase diagram determined
by νtot displays quite different phase boundaries from the
band-touching conditions. As νtot reflects the global geo-
metrical properties of wavefunctions, we apply the fidelity
approach to detect the phase boundaries. The fidelity ap-
proach has been widely used to study the phase transitions
in various quantum many-body systems [59–63]. Given a
Hamiltonian H(λ), which depends on the driving parameter
λ, the quantum fidelity is defined as the overlap between two
eigen−states with only slightly different values of the exter-
nal parameter and thus is a pure geometrical quantity. For
the non-Hermitian Hamiltonian studied in this work, the driv-
ing parameter λ can be taken as t, δ or µ. In terms of the
eigenstates |ψR,n(λ)〉 of H(λ), the Hamiltonian can be refor-
mulated as H(λ) =
∑
n En(λ)|ψR,n(λ)〉〈ψL,n(λ)|. Therefore, we
can generalize the definition of the state fidelity to the non-
Hermitian system, which is defined as the half sum of the
overlap between |ψR,1(λ + ǫ)〉and |ψL,1(λ)〉 and the overlap be-
tween |ψL,1(λ + ǫ)〉and |ψR,1(λ)〉, i.e.,
F(λ, ǫ) =
1
2
|〈ψL,1(λ)|ψR,1(λ+ ǫ)〉+ 〈ψR,1(λ)|ψL,1(λ+ ǫ)〉|, (15)
where |ψR,1(λ)〉 is the wavefunction corresponding to the pa-
rameter λ with eigenenergy E1 and ǫ is a small quantity. It is
obvious that the fidelity is dependent of ǫ. The rate of change
of fidelity is given by the second derivative of fidelity or fi-
delity susceptibility
S (λ) = lim
ǫ→0
∂2ǫ InF(λ, ǫ), (16)
6which is independent of ǫ. We note that the first derivative
of fidelity defined by Eq.(15) gives zero, which is consistent
with the Hermitian system [60–62].
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FIG. 6. The fidelity (a) and fidelity susceptibility (b) as a function of
t. Here we take λ = t, µ = 0.5 and δ = 0.5.
In Fig.6, we display the fidelity and fidelity susceptibility
versus the driving parameter t, i.e., we take λ = t, by fix-
ing δ = 0.5 and µ = 0.5. It is shown that both the fidelity
and fidelity susceptibility exhibit an abrupt jump in the vicin-
ity of the transition points, which are consistent with the phase
boundaries of the phase diagram determined by νtot. If we take
the driving parameter as δ by fixing t and µ, similarly we find
an abrupt jump of the fidelity and fidelity susceptibility in the
vicinity of the transition points. Our results demonstrate that
the phase transition point determined by the fidelity approach
is different from that obtained by using Landau’s energy cri-
terion, which gives the phase boundaries by the band crossing
condition. For the Hermitian system, it has been demonstrated
that the fidelity susceptibility and the second derivatives of
ground energy play an equivalent role in identifying the quan-
tum phase transition. However, for the non-Hermitian system,
they play different roles and may give different phase bound-
aries when the chiral symmetry is broken. This also explains
why the discrepancy of phase diagrams determined by νE and
νtot may arise for the non-Hermitian system.
V. SUMMARY
In summary, we have studied 1D general non-Hermitian
systems without chiral symmetry and found the existence of
discrepancy between phase diagrams characterized by two in-
dependent topological invariants νE and νtot, which are quan-
tized for our studied systems. While the phase boundaries
between phases with different νE are determined by the band-
touching condition, the phase boundaries between different
νtot are irrelevant to the band touching of the non-chiral sys-
tem. The discrepancy of phase diagrams can be further clar-
ified from the geometrical meaning the topological invariants
νE and νtot, which can be represented as νE = ±(ν2−ν1)/2 and
νtot = ν
′
2
+ ν′
1
, where ν1 and ν2 are winding numbers counting
the times of trajectory of the Hermitian part of the Hamilto-
nian encircling two EPs of the non-chiral Hamiltonian, and ν′
1
and ν′
2
are winding numbers associated with two EPs of the
Hamiltonian in the absence of the chiral-symmetry breaking
term. The fact that the topological invariant νtot is independent
of the chiral-symmetry breaking term suggests that the corre-
sponding transition between different νtot is irrelevant to the
band-touching points, instead it is equal to the winding num-
ber which counts times of trajectories of vectors by projecting
the eigenstates onto 2D unit sphere passing around the z-axis
connecting north and south poles. Furthermore, we find the
existence of a hidden pseudo-inversion symmetry and the real
part of νs,α is quantized when the eigenvalues of the system
satisfy E1,2(k) = E
∗
1,2
(−k).
We then generalize the definition of fidelity and use the
fidelity and fidelity susceptibility to identify the phase tran-
sition in the non-Hermitian system. Our results show that
an abrupt change of fidelity and fidelity susceptibility occurs
around transition points between phases with different νtot,
which suggests that the fidelity approach can witness topolog-
ical phase transitions characterized by νtot accompanied with
no gap closing in the non-Hermitian system. Our work un-
veils that the non-Hermitian systems may exhibit some pecu-
liar properties, which have no correspondence in the Hermi-
tian systems and are worthy of further investigation. A ques-
tion that remains open is to find physical observable quantities
to detect the topological invariants in the non-Hermitian mod-
els without chiral symmetry.
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Appendix A: The winding of eigenenergy νE
The winding number of energies νE can be written as
νE =
1
2π
∫
∇kArg(△E)dk,
where △E represents the difference of energies between any of
the two bands. Generally speaking, a 2-band non-Hermitian
system can be described by the Hamiltonian in Eq.(1), with
eigenvalues E2
1,2
= |h(k)|2 (E1 = −E2). Hence the angle of △E
is half of the angle of E2
1,2
, and as a result νE can be interpreted
as the half of the winding number of E2
1,2
in the complex plane
around the origin. In Hermitian systems, the energy E1,2 is
real and νE is always zero.
Similar to Ref.[64], the winding number of νE can be writ-
ten as
νE =
1
4
∑
i
(sgn(
∂Im(E2
1,2
)
∂k
|k=Ki ) · sgn(Re(E21,2)(Ki)), (A1)
with Ki being the i−th solution of Im(E21,2) = 0. For
the Hamiltonian described by Eq.(7), the eigenvalues satisfy
E2
1,2
= t2 + 1 + 2t cos k − δ2 − µ2 + 2iδ sin k. It’s easy to get
7simplified form of νE ,
νE =
1
4
∑
i
sgn(δ)sgn(
sin k
∂k
|Ki)
sgn((t2 + 1 + 2t cos k − δ2 − µ2) |Ki ).
(A2)
with Ki is the i−th solution of sin k = 0. This is different from
the Hermitian cases whereKi is determined by hˆ0 = 0.
Nowwe give the geometricmeaning of the winding number
νE . To see this, we parameterize the square of energies by:
E21,2 = |E|2e2iθk ,
with
tan 2θk =
2δ sin k
t2 + 1 + 2t cos k − δ2 − µ2 =
Im(E2
1,2
)
Re(E2
1,2
)
.
then the winding number can be written as
2πνE =
∮
dk∇kθk =
∮
dk
1
2
cos 2θ∇k tan 2θ
=
2Re(E2
1,2
)
|E2
1,2
|2 ∇k
Im(E2
1,2
)
Re(E2
1,2
)
=
∮
dk
Re(E2
1,2
)∇kIm(E21,2) − Im(E21,2)∇kRe(E21,2)
2|E2
1,2
|2
=
∮
dk
Re(E2
1,2
)∇kαIm(E21,2) − αIm(E21,2)∇kRe(E21,2)
2(Re(E2
1,2
)2 + α2Im(E2
1,2
)2)
= sgn(α)
∮
dk∇kθ′,
where tan 2θ′ =
αIm(E2
1,2
)
Re(E2
1,2
)
. Here α is independent of k and taken
to be α =
√
µ2+δ2
δ
, thus sgn(α) = sgn(δ). The winding number
of θk is now represented by the winding number of θ
′
k
as shown
in Fig. 7(a). Furthermore, we have
Re(E21,2) + iαIm(E
2
1,2) =
√
(Re(E2
1,2
)2 + α2Im(E2
1,2
)2)e2iθ
′
=
√
(Re(E2
1,2
)2 + α2Im(E2
1,2
)2)e−iφ1eiφ2 ,
with tanφ1 =
ny
nx+
√
µ2+δ2
and tanφ2 =
ny
nx−
√
µ2+δ2
, where
nx = t + cos k and ny = sin k. Here φ1 and φ2 are the an-
gles of vector n(k) around the two EP points EP1 and EP2 as
shown in Fig.7(b), respectively. Finally, the winding number
νE becomes
νE = sgn(δ)
1
2π
∮
dk∇kθ′ = 1
2
sgn(δ)(ν2 − ν1), (A3)
where νi =
1
2π
∮
dk∇kφi. Hence νE measures the differences
of winding number ν1 and ν2, which is similar to the case of
chiral Hamiltonian discussed in Ref.[16].
xn
yn
EP
1 EP2
( ) ( )( )knkn yx
1
φ 2φ
( )b( )a
( )2
21
Re ,E
( )2
21
Im ,E
( )2
21
Im ,E⋅α
θ
'θ
FIG. 7. (a) A schematic diagram of compressive deformation E21,2.
(b) A schematic diagram shows the geometrical meaning of φ1 and
φ2 with nx/y=Re 〈σx/y〉
.
Appendix B: The winding of eigenstate νs
The eigenstates for non-Hermitian Hamiltonian satisfy
H(k)|ψR1,2〉 = E1,2|ψR1,2〉,
〈ψL1,2|H†(k) = 〈ψL1,2|E1,2,
with
|ψR1,2〉 = 1√2E1,2(E1,2−hz)
(
hx − ihy, E1,2 − hz
)T
,
〈ψL1,2| = 1√2E1,2 (E1,2−hz)
(
hx + ihy, E1,2 − hz
)
,
where the superscript T is transpose operation. The Berry
phase νs of the state is defined by
νs,1 =
1
π
∮
dk〈ψL1 |i∂k|ψR1 〉.
Substituting the expression of |ψR
1
〉 ,〈ψL
1
| into this equation, νs
is rewritten as
νs,1 =
1
π
∮
dk
1√
2E1(E1 − hz)
(
hx + ihy E1 − hz
)
i∂k
1√
2E1(E1 − hz)
(
hx − ihy
E1 − hz
)
=
1
π
∮
dk
hx∂khy − hy∂khx
2E1(E1 − hz) ,
Summing up the Berry phases of the two bands, the total Berry
phase is
νtot = νs,1 + νs,2 =
1
π
∮
dk
hx∂khy − hy∂khx
h2x + h
2
y
,
which can be proved to be quantized.
In a Hermitian system, a Hamiltonian having inversion
symmetry means there is an unitary operator satisfying
UH(k)U−1 = H(−k). As a comparison, we can define a
pseudo-inversion symmetry in the non-Hermitian system. Be-
cause of H(k) , H†(k), the pseudo-inversion symmetry now
requires UH(k)U−1 = H†(−k), while the operator U is still
8unitary. For example, if U is chosen to be σx, the pseudo-
inversion symmetry gives some constrains on the Hamilto-
nian, i.e.,
hx(k) = h
∗
x(−k),
hy(k) = −h∗y(−k),
hz(k) = −h∗z (−k).
Besides, the eigenvalues should satisfy E1(k) = E
∗
1
(−k), or
E1(k) = E
∗
2
(−k). Now we study the Berry phase for these two
cases, respectively.
In the first case, we have E1(k) = E
∗
1
(−k), and the Berry
phase νs,1 is
νs,1 =
1
π
∫ π
−π
dk〈ψL1 |i∂k |ψR1 〉
=
1
π
∫ π
−π
dkdk
hx(k)∂khy(k) − hy(k)∂khx(k)
2E1(k)(E1(k) − hz(k))
=
1
π
∫ π
−π
dk
−h∗x(−k)∂kh∗y(−k) + h∗y(−k)∂kh∗x(−k)
2E∗
1
(−k)(E∗
1
(−k) + h∗z (−k))
=
1
π
∫ π
−π
d(−k)
h∗x(−k)∂−kh∗y(−k) − h∗y(−k)∂−kh∗x(−k)
2E∗
1
(−k)(E∗
1
(−k) + h∗z (−k))
(k → −k)
=
1
π
∫ π
−π
dk
h∗x(k)∂kh
∗
y(k) − h∗y(k)∂kh∗x(k)
2E∗
2
(k)(E∗
2
(k) − h∗z (k))
=
1
π
∫ π
−π
dk〈ψR2 |i∂k|ψL2〉
= ν∗s,2.
Similarity, we can see νs,2 = ν
∗
s,1
. As a result, the total Berry
phase νtot = νs,1 + νs,2 = νs,1 + ν
∗
s,1
is real and quantized. The
real and imaginary part of νs,1 satisfy Re(νs,1) = Re(νs,2) =
1
2
Re(νtot); Im(νs,1) = Im(ν
∗
s,2
). This phase is called pseudo-
inversion symmetry unbroken phase, in which the real part of
Berry phase νs,i is quantized.
In the second case, E1(k) = E
∗
2
(−k). The Berry phase νs,1 is
νs,1 =
1
π
∫ π
−π
dk〈ψL1 |i∂k|ψR1 〉
=
1
π
∫ π
−π
dkdk
hx(k)∂khy(k) − hy(k)∂khx(k)
2E1(k)(E1(k) − hz(k))
=
1
π
∫ π
−π
dk
−h∗x(−k)∂kh∗y(−k) + h∗y(−k)∂kh∗x(−k)
2E∗
2
(−k)(E∗
2
(−k) + h∗z (−k))
=
1
π
∫ π
−π
dk
h∗x(k)∂kh
∗
y(k) − h∗y(k)∂kh∗x(k)
2E∗
1
(k)(E∗
1
(k) − h∗z (k))
=
1
π
∫ π
−π
dk〈ψR1 |i∂k|ψL1〉
= ν∗s,1.
In this case, the νs,1 and νs,2 are real but not quantized. The
phase is called pseudo-inversion symmetry broken phase.
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